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Abstract
A matching of a graph is a near-perfect matching if it covers all but one vertex. A connected
graph G is said to be factor-critical if G − v has perfect matchings for every vertex v of G. In
this paper, the enumeration problems for near-perfect matchings in special factor-critical graphs
are solved. From this, the exact values of the number of perfect matchings in special bicritical
graphs are obtained. c© 2002 Published by Elsevier Science B.V.
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1. Introduction and terminology
First, we give some notation and de8nitions. For details, see [1,4]. Let G be a simple
graph. M ⊆ E(G) is a matching of G if every vertex of G is incident with at most
one member of M . A matching M of G is a perfect matching if M covers all vertices.
We say that a matching M of G is a near-perfect matching if it covers all but one
vertex.
We say that a connected graph G is factor-critical if G − v has perfect matchings
for every vertex v∈V (G). A graph G with at least one edge is said to be bicritical if
G − x − y has perfect matchings for any two vertices x and y.
We say that a path of G is pending if each of its interior vertices has degree 2 in
G. A subgraph H of G is nice if G − V (H) has perfect matchings. A subgraph H of
G is a block of G if H is 2-connected and there exists no 2-connected subgraph H ′
of G such that H is the subgraph of H ′.
 This research was supported by the National Natural Science Foundation of China and the Post-doctor
Foundation of China.
∗ Corresponding author.
E-mail address: yanliu@math.sdu.edu.cn (Y. Liu).
0012-365X/02/$ - see front matter c© 2002 Published by Elsevier Science B.V.
PII: S0012 -365X(01)00204 -7
260 Y. Liu, J. Hao /Discrete Mathematics 243 (2002) 259–266
The problem of 8nding the number of maximum matchings of a graph plays an im-
portant role in graph theory and combinatorial optimization since it has a wide range
of applications [2,3,5]. For example, in the chemical context, the number of perfect
matchings of bipartite graphs is referred to as KekulEe structure count [2,3]. But the enu-
meration problem for perfect matchings in general graphs (even in bipartite graphs) is
NP-hard [4]. Hence, it makes sence that the enumeration problem for maximum match-
ings is a diFcult one. In this paper, we study the number of near-perfect matchings in
factor-critical graphs. The reasons to be interested in factor-critical graphs are following.
According to the de8nition of bicritical graphs, it is clear that G is a bicritical graph
if and only if for every vertex v of G, G − v is factor-critical. Thus, the number
of perfect matchings of a bicritical graph is relative to the number of near-perfect
matchings of a factor-critical graph. For example, the number of perfect matchings of
a bicritical graph G is equal to the number of near-perfect matchings of G − u if u is
a vertex with degree |V (G)| − 1.
Pulleyblank proved [6] that a 2-connected factor-critical graph G has at least |E(G)|
near-perfect matchings. For a general factor-critical graph G, we show that G has at
least |E(G)| − c + 1 near-perfect matchings, where c is the number of blocks of G.
The main results of this paper are following.
Theorem 8. Let G be a 2-connected factor-critical graph. Then G has precisely
|E(G)| near-perfect matchings if and only if there exists an ear decomposition of
G starting with a nice odd cycle C; that is G=C+P1 + · · ·+Pk; satisfying that Pi is
open and two ends of Pi are connected in Gi−1 by a pending path of G with length
2 for each i; 16 i6 k; where G0 =C and Gi =C + P1 + · · ·+ Pi.
Theorem 9. Let G be a factor-critical graph and c the number of blocks of G. Then
G has precisely |E(G)| − c + 1 near-perfect matchings if and only if there exists an
ear decomposition of G starting with a nice odd cycle C; that is G=C+P1+· · ·+Pk;
satisfying that two ends of Pi are connected in Gi−1 by a pending path of G with
length 2 if Pi is open; where G0 =C and Gi =C + P1 + · · ·+ Pi for 16 i6 k.
2. Introduction to the ear decomposition of factor-critical graphs
In this section, we will introduce the ear decomposition procedure of factor-critical
graphs which is useful for our results.
Let G be a graph and G′ a subgraph of G. An ear of G relative to G′ is a path of
G with odd length and having both ends—but no interior vertices—in G′ or a cycle
with odd length and having exactly one vertex in G′. An ear is open if it is a path;
otherwise, closed.
An ear decomposition of G starting with G′ is a representation of G in the form:
G=G′ + P1 + · · ·+ Pk , where P1 is an ear of G′ + P1 relative to G′ and Pi is an ear
of G′ + P1 + · · ·+ Pi relative to G′ + P1 + · · ·+ Pi−1 for 26 i6 k (see Fig. 1).
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Fig. 1. An ear decomposition of a factor-critical graph G. —P1, —P2, : : : P3.
Lemma 1. Let G be a factor-critical graph. Then every edge of G lies in a nice odd
cycle of G.
Proof. Let e= xy∈E(G). Since G is factor-critical, G − x and G − y has a perfect
matching M1 and M2, respectively. Then there exists an (M1; M2)-alternating path P
joining x and y. Hence P has even length. Thus P+ xy is a nice odd cycle of G.
Lemma 2 (LovEasz and Plummer [4]). Let G be a graph and C a nice odd cycle of G.
Then G is factor-critical if and only if G has an ear decomposition G=C+P1+· · ·+Pk
starting with C. Moreover; Gi =C + P1 + · · · + Pi is a nice factor-critical subgraph
of G for each i; 16 i6 k.
Lemma 3 (LovEasz and Plummer [4]). Let G be a 2-connected factor-critical graph.
Then there exists an ear decomposition G=C + P1 + · · · + Pk starting with a nice
odd cycle C and satisfying that every ear is open. Moreover; Gi =C + P1 + · · ·+ Pi
is a nice 2-connected factor-critical subgraph of G for each i; 16 i6 k.
3. Results
The following lemmas are useful.
Lemma 4 (Pulleyblank [6]). A graph is factor-critical if and only if it is connected
and each of its blocks is factor-critical.
Lemma 5 (Pulleyblank [6]). Let G be a 2-connected factor-critical graph. Then G
has at least |E(G)| near-perfect matchings.
Corollary 6. Let G be a factor-critical graph. Then G has at least |E(G)| − c + 1
near-perfect matchings; where c is the number of blocks of G.
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Fig. 2. A 2-connected factor-critical graph G with exactly |E(G)| near-perfect matchings. —P1, —P2, : : : P3.
Proof. By induction on c. When c=1, the theorem holds by Lemma 5. Suppose that it
holds for c¡m and consider the case for c=m¿ 1. Let G1 be a block of G containing
exactly one cut vertex v of G and G2 =G−V (G1−v). Then G1 and G2 are factor-critical
by Lemma 4, G1 is 2-connected and G2 has c−1 blocks. Let M1 and M2 be near-perfect
matchings of G1 and G2 missing v, respectively. By the induction hypothesis, G2 has
at least |E(G2)|−c+2 near-perfect matchings. We can construct at least |E(G2)|−c+2
near-perfect matchings of G by replacing every near-perfect matching M ′ of G2 with
M ′∪M1. By Lemma 5, G1 has at least |E(G1)| near-perfect matchings. We can construct
at least |E(G1)| near-perfect matchings of G by replacing every near-perfect matching
M ′ of G1 with M ′∪M2. Clearly, these near-perfect matchings are distinct but M1∪M2.
Hence G has at least |E(G2)| − c + 2 + |E(G1)| − 1= |E(G)| − c + 1 near-perfect
matchings.
Theorem 7. Let G=C + P1 + · · · + Pk be an ear decomposition of a factor-critical
graph G starting with a nice odd cycle C and satisfying that two ends of Pi are
connected in Gi−1 by a pending path of G with length 2 if Pi is open; where G0 =C;
Gi =C + P1 + · · ·+ Pi for 16 i6 k. Then G − u has a unique perfect matching for
any vertex u with degree at least 3.
Proof. By induction on k. When k =1, G=C + P1. Then every vertex has degree 2
but ends of P1. Hence G − u is a tree and has perfect matchings for every end u of
P1 since G is factor-critical. Thus G − u has a unique perfect matching. Suppose that
it holds for k ¡m and consider the case for k =m¿ 2. Let u∈V (G) and dG(u)¿ 3.
We distinguish the following cases.
Case 1: There exists an ear Pi such that u ∈ V (Pi) and every interior vertex of Pi
has degree 2 in G (see the vertex u in Fig. 2). Let
Pi = [x; u1; : : : ; u2l; y]; G′=G − {u1; : : : ; u2l}:
Then
G′=C + P1 + · · ·+ Pi−1 + Pi+1 + · · ·+ Pk
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Fig. 3. A factor-critical graph G with exactly |E(G)| − c + 1 near-perfect matchings. —P1, —P2, : : : P3.
is an ear decomposition of G′ satisfying the condition required by the theorem and
dG′(u)=dG(u). By Lemma 2, G′ is factor-critical. By the induction hypothesis, G′−u
has a unique perfect matching. Then G − u has a unique perfect matching containing
edges u2j−1u2j for 16 j6 l. If Pi is open, we may assume that xwy is a pending path
of G and w∈V (Gi−1). Then every perfect matching of G− u contains edges u2j−1u2j
for 16 j6 l since NG(w)= {x; y} and Pi has odd length. If Pi is closed, then x=y.
Clearly, every perfect matching of G − u contains edges u2j−1u2j for 16 j6 l since
Pi has odd length. It follows that G − u has a unique perfect matching.
Case 2: For any ear of which every interior vertex has degree 2 in G, it contains
u (see the vertex u in Fig. 3). Let Gi =C + P1 + · · · + Pi be a subgraph such that u
occurs 8rstly. Then i¡ k and u is an interior vertex of Pi. Hence dGi(u)= 2. By the
de8nition of ear decomposition and the condition in Case 2, for each j, i+16 j6 k,
u is an end of Pj. If i¡ k − 1, dG(u)¿ 3. Then dGk−1 (u)¿ 3. Similar to the Case 1,
we can show that the theorem holds. Suppose that i= k−1. Then every interior vertex
of Pk−1 has degree 2 in G but ends of Pk . Let
Pk−1 = [x; v1; : : : ; v2t ; y];
Pk = [u; u1; : : : ; u2l; v]:
Assume that u= v1 without loss of generality. If Pk is open, then u and v are connected
in Gk−1 by a pending path of G. Since dGk−1 (u)= 2, v= v3. If Pk is closed, u= v. It
is easy to prove that the number of perfect matchings of G− u is equal to the number
of perfect matchings of Gk−1 − u, and the number of perfect matchings of Gk−1 − u
is equal to the number of perfect matchings of Gk−1 − y. Then the number of perfect
matchings of G − u is equal to the number of perfect matchings of Gk−1 − y. By
Lemma 2, Gk−1 is factor-critical and has an ear decomposition satisfying the condition
of the theorem. By the induction hypothesis, Gk−1−y has a unique perfect matchings.
Then G − u has a unique perfect matchings. The proof is completed.
Theorem 8. Let G be a 2-connected factor-critical graph. Then G has precisely
|E(G)| near-perfect matchings if and only if there exists an ear decomposition of
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G starting with a nice odd cycle C; that is G=C+P1 + · · ·+Pk; satisfying that Pi is
open and two ends of Pi are connected in Gi−1 by a pending path of G with length
2 for each i; 16 i6 k; where G0 =C and Gi =C + P1 + · · ·+ Pi.
Proof. Suppose that G has precisely |E(G)| near-perfect matchings. By Lemma 3, G
has an ear decomposition G=C+P1 + · · ·+Pk starting with a nice odd cycle C such
that every ear is open. To the contrary, suppose that there exists an ear such that its two
ends are not connected by any pending path of length 2 and G is as small as possible.
Then Pk is a such path. (Otherwise, we consider the graph Gi =C + P1 + · · · + Pi,
where Pi is a such path and i¡ k.) Let
Pk = [x; u1; : : : ; u2l; y]:
Then Gk−1 is a 2-connected factor-critical graph and Gk−1 − x − y has no isolated
vertices.
Claim. Gk−1 − x − y has at least two near-perfect matchings. Since Gk−1 is factor-
critical; Gk−1−x has a perfect matching M . Suppose that yv1 ∈M . Since Gk−1−x−y
has no isolated vertices; there exists a vertex v2 in Gk−1 − x − y adjacent to v1. We
may assume that v2v3 ∈M . Then we =nd two near-perfect matchings of Gk−1− x−y
which are M − yv1 and M − yv1 − v2v3 + v1v2.
By the claim, We can construct at least two near-perfect matchings of G by replacing
every near-perfect matching M ′ of Gk−1 − x − y with
M ′ ∪ {xu1; u2u3; : : : ; u2l−2u2l−1; u2ly}:
By Lemma 5, Gk−1 has at least |E(Gk−1)| near-perfect matchings. We can construct at
least |E(Gk−1)| near-perfect matchings of G by replacing every near-perfect matching
M ′ of Gk−1 with
M ′ ∪ {u1u2; u3u4; : : : ; u2l−1u2l}:
Since G is factor-critical, G − ui has at least one perfect matchings for 16 i6 2l.
Then we 8nd at least 2 + |E(Gk−1)|+ 2l= |E(G)|+ 1 near-perfect matchings of G, a
contradiction.
Conversely, suppose that there exists an ear decomposition starting with a nice odd
cycle C of G satisfying the condition required by the theorem. Let G=C+P1+· · ·+Pk
be a such ear decomposition. By induction on k. When k =0, G=C. Then G has
exactly |E(G)| near-perfect matchings. Suppose that it holds for k ¡m and consider
the case for k =m¿ 1. Let
Pk = [x; u1; : : : ; u2l; y] and Gk−1 =C + P1 + · · ·+ Pk−1:
Then Gk−1 is a 2-connected factor-critical graph by Lemma 3 and there exists a vertex
w in Gk−1 such that NG(w)= {x; y}. By the induction hypothesis, Gk−1 has exactly
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|E(Gk−1)| near-perfect mathcings. Let
M= {M |M is a near-perfect matching of G};
M′= {M ∈M | u2i−1u2i ∈M; 16 i6 l};
M∗= {M ∈M | xu1; u2ly; u2iu2i+1 ∈M; 16 i6 l− 1};
Mi = {M ∈M |M misses ui}; for 16 i6 2l:
Then (M′;M∗;M1; : : : ;M2l) is a partition of M. Clearly, |M′|= |E(Gk−1)|. By The-
orem 7, G− x and G− y have a unique perfect matching, respectively. Simple checks
show that |Mi| is equal to the number of perfect matchings of G − x or G − y. It
follows that |Mi|=1 for 16 i6 2l. It is clear that |M∗| is equal to the number of
near-perfect matchings of Gk−1 − x − y. Since G − x has a unique perfect match-
ing, Gk−1 − x − y has a unique near-perfect matching. (Otherwise, we can 8nd at
least two perfect matchings of G − x by replacing every near-perfect matching M ′ of
Gk−1−x−y with M ′∪{wy; u1u2; : : : ; u2l−1u2l} since NG(w)= {x; y}.) Hence |M∗|=1.
Thus |M|= |E(Gk−1)|+ 2l+ 1= |E(G)|. The proof is completed.
Theorem 9. Let G be a factor-critical graph. Then G has precisely |E(G)| − c + 1
near-perfect matchings if and only if there exists an ear decomposition of G starting
with a nice odd cycle C; that is G=C + P1 + · · · + Pk; satisfying that two ends of
Pi are connected in Gi−1 by a pending path with length 2 of G if Pi is open; where
c is the number of blocks of G and Gi =C + P1 + · · ·+ Pi for 16 i6 k.
Proof. By the similar arguments in the proof of Theorem 8, we can show that the
theorem holds, omitted.
We know that the number of perfect matchings of a bicritical graph G is equal to the
number of near-perfect matchings of G − u, where u∈V (G) and dG(u)= |V (G)| − 1.
So we give the following results without proofs.
Corollary 10. Let G be a wheel with n+ 1 vertices (n¿ 3). Then the following are
true:
(1) If n is even; G has exactly n2=2 + 2 near-perfect matchings.
(2) If n is odd; G has exactly n perfect matchings.
Corollary 11. Let G be a complete graph with n vertices. Then the following are
true:
(1) If n is even; G has exactly (n− 1) ∗ (n− 3) ∗ · · · ∗ 3 perfect matchings.
(2) If n is odd; G has exactly n ∗ (n− 2) ∗ · · · ∗ 3 near-perfect matchings.
Corollary 12. Let G be a 3-connected bicritical graph and the maximum degree be
|V (G)| − 1. Then G has at least |E(G)| − |V (G)|+ 1 perfect matchings.
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